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Introduction

Introduction

o Framework - numerical model of the Vlasov-Maxwell
equations for a beam of particles in an axial frame.

o Charged particle beams examples :
e Particle accelerators (CERN, Gyrotron, etc.)
o Industrial uses (electron-ion beams for welding and
micromachinning, lithography, etc.)
e Full set of equations is coupled and so computationally
expensive.
e Simpler model - the paraxial model developed by G. Laval
et al. for an wultra-relativistic beam.
o Purpose of this work - extending the model to lower
velocities, and even non-relativistic cases (multiscale
model).
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Governing equations

Vlasov-Maxwell equations (1)

e Vlasov equation

aa‘f+v-vxf+F~fo=0

@ The force is the Lorentz force

F=qE+vxB)
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Governing equations

Vlasov-Maxwell equations (2)

o Maxwell equations

divE = 2
€0
divB = 0
0B
curl E = —E
OE
1B = J —
\cur ,uo( +608t>
e Charge and current densities
p = affdp
R3
J = qfvfdp
R3
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Governing equations

Beam frame

e Specific geometry

e Change of Variables (to a frame moving along the z axis with a
fraction of the speed of light Sc)

(=Bct—z wve=pc—v, (0<p<I)
e Derivatives take the form
(3 9 5) R (_3 _9 9 ca)
0z Ov,’ Ot o¢"  Ove’ ot o¢
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Governing equations

Scaling

e Some assumptions
@ The characteristic beam length [ is much smaller than the

length of the device.

© The characteristic transverse velocity v is much smaller
than the speed of light c.

@ Define

ol

<1

=3
Il

and characteristic

S| =~

@ Also define characteristic time T =

longitudinal velocity w.
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Governing equations

Transverse and longitudinal quantities

o It will be convenient to define the transverse quantities

X] = (:L"y) V] = (anvy)
_ (99 9% 0 _0¢
grad ¢ = (83}’8 ) curl ¢ = (ay’ 8$>
0A, 04, 0A, 0A,
iv, A = LA, =
leJ_ 1 O 83/ curl) A = O 8y

o Also define the Pseudo-field

& = (Ey — BeBy, Ey + peBy)
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Governing equations

Dimensionless relativistic Vlasov equation (1)

Applying these changes to the Vlasov equation

of w  Of
E+VJ_-gradJ_f+5vC8—C

+divy, <'1y ((I—U2VJ_®VJ_) ‘FJ__U(B_%U<>VJ_Fz) f)

i (raor (-2

+ ((f)zvf = 25%v< + 5% - 1> F> f) —0

1
2

with

w w2 -
V= (1 — 52+ 26—ve — v - (;) 042>
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Governing equations

Dimensionless relativistic Vlasov equation (2)

e With boundary conditions

(x1,0)el'x(0,Z) v-r<o0
f=0 for ¢<x, €Q,(=0 ve >0
x, €Q0.(=27 Uc<0

o And the force takes the form

w R
F, = &+ (nBzVJ_ + EUCBJ_> X €,
F, = E.,+n(v,By —v,By)
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Governing equations

Dimensionless Maxwell equations (1)

na(;];Jr;i(&— (1-B*E.) —curl B, = -—nJ,
na(i“r;dm (EL-(1-B)E,) :%Jé
diVLEL—a(fCZ =p
n%+§((“flxéz)+curlLE2:0
n%—i—cuﬂﬂﬁl:()

B,
diVLBl—aaC =0
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Governing equations

Dimensionless Maxwell equations (2)

With boundary conditions

EL~T=0
E,=0
EL-T=pB, v

( +ﬁac>(BL-u):O
"// ot
Q T

é/(n;—i—ﬁi)Bzde—O

BL-I/dl:O
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Asymptotic expansion

Asymptotic expansion procedure

o Assume that w takes the form

o For a =0, w~n*ie v < v, <v,~ fc- faster case.
o For b =0, w~nie ve~ vy Kv, = fc- slower case.
e Expand all quantities in powers of 7, i.e.

F=r+M+ 7+ =) iy

1=0

o Write out the equations for each power of 7.

Yevgeni Furman"', Franck Assous’ Vlasovia 2019, Strasbourg.



Asymptotic expansion

n-th order dimensionless Vlasov equation (1)

n

n 6 n n—
o +v, -grad, f +ﬁUC8C(a“f +bf 1)

dive, 3T 5 o 0SS iy g

=0 j=0 20]0

where
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Asymptotic expansion

n-th order dimensionless Vlasov equation (2)

A and p are defined as

AT =F1 — v (vi-F72) = Bvy (FP — v (aF2~2 + bFP3))

"=pve (B — v (aF 4 bF )
— (1 =% F" —2B8%0; (aF? ! + bFn—2
z C z z
+ Bzvg (a*F2 + 2abF 3 + b F 1)
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Asymptotic expansion

n-th order dimensionless Maxwell equations (1)

After some manipulations the equations are separated and take
the form

PEr 9 [ OET
2 1n Q2 z _ 7 z
ViaEz -5 % = (/B o
2 n—1 n—2 2 n
_87(6 (ULJC +bJ; )—i—(l—ﬁ)p)
Er=0 onT

+ CurlLBﬁ_1>
in Q
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Asymptotic expansion

n-th order dimensionless Maxwell equations (2)

( n—1
curl | ET = —8%t
OE”

oEn—1
ot

+2 (aJ”_l + ng—2) —3

n—1
?{q rdl = //83 dx,
T
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Asymptotic expansion

n-th order dimensionless Maxwell equations (3)

2 n
curl; (curl ET) — (1 - 3?) aa?;

2¢eon n—1 En—l in
o2En - eurl, <8BZ ) —63 (a " +JT1>

TS ot ac \ ot

T-r=0 on T
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Asymptotic expansion

n-th order dimensionless Maxwell equations (4)

oEn1
ot

1
div; Bl = — (curIJ_EJ_ +

curl | Bl =

+ Bdiv, E" — 3 (an—l + ng—Q)
8Bn 1 in Q

ot

fB1 v 5// W i,

r

8B”

—dleBL in Q

o]
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Paraxial model

Paraxial model

In order to determine f

@ Start with charge and current densities p and J (from the
Vlasov equation).

© Select relevant case (a =0 or b = 0).

@ Solve Maxwell’s equations up to order n in the order which
they were presented.

@ Calculate the force up to order n.

@ Solve the Vlasov equation up to order n.

Yevgeni Furman"', Franck Assous’ Vlasovia 2019, Strasbourg.



Conclusions

Conclusion

e A new paraxial model was presented to solve the
Vlasov-Maxwell equations.

A multiscale extension of an existing paraxial model to not
necessarily ultra-relativistic cases.

@ The model is hierarchical and closed for each order.

Quasi static model - all time derivatives are on the LHS.

Future prospects

e Numerical simulations
e Expanding further with a non-constant velocity
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