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Abstract. Numerical simulations of ion temperature gradient driven turbulence are carried out to
investigate the parametric dependence of ion thermal transport on the reduced gyroradius and on the
local safety factor. Whereas the simulations show a clear proportionality of the conductivity to the
gyroradius, the dependence on the safety factor cannot be represented as a simple power law like the

one exhibited by the empirical scaling laws.

1. Introduction

The considerable amount of experimental data
related to anomalous transport in tokamaks is com-
monly summarized in terms of empirical scaling laws
[1]. Global quantities, such as the energy confinement
time, are expressed as products of the main experi-
mental control parameters, such as the input power
and the plasma current, raised to certain exponents,
which are determined empirically. While the power
law form of the confinement law is chosen mainly for
convenience, it is evidently rather restrictive. Indeed,
the parametric dependence of the effective transport
coeflicients on the local variables need not be mono-
mial (power law), or it may be so only as a function of
certain quantities. Furthermore, different parts of the
discharge may be dominated by different transport
processes with different transport laws. Thus, global
scaling laws may simply express average behaviour,
and, while useful to identify general trends, for exam-
ple for machine design, no special physical signifi-
cance can be attached to the precise value of their
exponents.

In the present situation, a valuable contribution to
the understanding of anomalous transport can come
from the detailed study of the scaling (or lack of scal-
ing) properties of specific, relevant plasma dynamics
models.

This is the goal of the present article, where
some of the scaling properties of a model of the
ion thermal transport caused by ion temperature
gradient (ITG) driven turbulence are analysed.
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Specifically, we investigate the dependence of the
effective ion thermal conductivity on two key dimen-
sionless parameters, the reduced gyroradius psx =
ps/a (ps is the ion sound Larmor radius and a the
minor radius) and the safety factor g. The impor-
tance of these two parameters in machine design is
well known. The reduced gyroradius is the parameter
that changes most when extrapolating from present
day tokamaks to future larger machines. The differ-
ence in the predicted performance when extrapolat-
ing certain JET DT shots to (the old) ITER under
two different px scaling laws is clearly illustrated
in Ref. [2]. The interest in the ¢ dependence comes
from the fact that the confinement law exhibits a
strong plasma current dependence, and it is there-
fore important to assess whether this corresponds to
some local scaling dependence.

The latest numerical simulations, carried out at
smaller px, show a clear proportionality of the con-
ductivity to the gyroradius (gyro-Bohm scaling),
which fully confirms the results of an earlier study
[3]. On the other hand, it was found that the depen-
dence on the safety factor cannot be represented as
a simple power law like the one exhibited by the
empirical scaling laws. An attempt to cast the cur-
rent dependence as a power law gives an exponent
that decreases with input power.

The article is organized as follows. First we
present the model (Section 2) and review and update
the px scaling study (Section 3), then we report on
the current scaling studies (Section 4). A brief dis-
cussion and a summary are given in Section 5.
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2. The model

The simulations discussed in this article were car-
ried out with the code ETAI3D, which solves the
minimal (paradigm) fluid model of ITG turbulence in
a torus. The details of this code are given in Ref. [3].
Here we summarize the salient features. The model
equations are

dw/dt — 2ewq(® + Ti) + AV|jv + (Kn /1) Op®
= Dy, V2w — 7y pa(w) (1)

dv/dt + AV|(® + T;) = D, Vv (2)

dT;/dt + T(T;) AV v = —A(T)*|V| |T; + DrV>T;
(3)

where w = (® — (®))/T. — p2V?2® is the generalized
vorticity (effectively the ion guiding centre density),
® the electric potential, v the parallel ion velocity,
T; the ion temperature, d/dt = 0, + vg - V the
advection operator, wg = (1/7)(cos0)dp + (sin0)0,
the curvature operator and V| = (1/¢)(qdg + 0p)
the parallel derivative operator, while (-) denotes
flux surface average, A = €/px and T is a constant.
Units of T, for temperature, T, /e for potential and
Cs = (Te/Mi)l/2 for velocity are employed. Also note
that large scale units, a (the minor radius) for lengths
and a?/(cT./eB) for time, are used. Finally, D,,,
D, and Dt are small artificial perpendicular dissi-
pation coefficients set to damp the smallest scales,
and 7pqr is a further coefficient introduced to model
the poloidal flow damping. In the rest of this arti-
cle, vpar = €/qpx, which scales like the ion transit
frequency, when written in dimensional units.
Noteworthy features of this code are

(a) Globality. The code solves the model equations,
in toroidal geometry and in a domain between
two arbitrary circular magnetic surfaces, with-
out using the local or flux tube approximation.
This is necessary in order to answer questions
related to the px = ps/a scaling, without a pri-
ori assumptions about the scale separation.

(b) Flux boundary conditions. The input power is
given as a control parameter by specifying either
the heat flux through the inner boundary or by
a given power deposition profile. The (fluctu-
ating) ion temperature is the outcome of the
simulations. This is primarily done to avoid
any assumption about the (unknown) time aver-
aged profile and to allow quite naturally any
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possible intermittent phenomena in the profile
dynamics.

(¢c) Emphasis on the mesoscale dynamics. As sug-
gested by experiments, as well as by theoreti-
cal considerations, most of the turbulent energy
accumulates in the spectral region around the
poloidal and radial wavenumbers kgps = k.ps ~
0.1, which is where the turbulence is suppressed
by Landau damping. This allows one to work
with model equations that neglect most finite
Larmor radius terms.

(d) Emphasis on long timescales. Simulations are
carried out for at least one global energy con-
finement time in most cases. The profiles shown
in this article are time averages over (statisti-
cally) steady state turbulence. The duration of
the simulations guarantees good statistics of the
measured quantities, since, as it turns out, the
ratio of the energy confinement time to the tur-
bulence characteristic time(s) scales as py 2.

All the studies presented in this article were car-
ried out in the toroidal annulus between the magnetic
surfaces at r = 0.5 and r = 1.

3. Gyroradius scaling

The first application has been to the problem of
the px scaling of the ion conductivity. (Here the
conductivity in a turbulent steady state is defined
as the ratio of the time averaged heat flux to the
time averaged temperature gradient.) In Bohm units
(xp = T./eB) the ion conductivity y; scales like a
power of px. In L mode tokamak operations, x;/x5
seems almost px independent (Bohm scaling), while
in H modes one finds x;/xp ~ px (gyro-Bohm scal-
ing). In linear theory, radial eigenmode structures
typically scale like p}k/ 2, which would give a weak or
null (Bohm) px dependence, whereas non-linear
considerations would suggest a gyro-Bohm scaling.
Hence the need for an assessment.

The finding that the actual ion conductivity
indeed scales in a gyro-Bohm fashion has been
obtained by a series of numerical similarity experi-
ments. In these experiments, the input power (in the
form of a given heat flux Fj, at the inner boundary)
and px were varied proportionally (keeping the ratio
F;,/px constant), down to a value of px = 1/200,
to test whether the profiles remain the same and the
conductivity varies proportionally to px.

In order to ensure that the time averages were
taken in steady state, we monitored the time
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evolution of two definitions of the global confinement
time, 71 = Fu/Fin and 72 = Eun/Four, which
are written as the ratio of the instantaneous ther-
mal energy content Fy, to the constant input power
F;,, and to the fluctuating instantaneous losses F+,
respectively. Statistical stationarity is evident from
Fig. 1, where the two definitions 751 (solid line) and
Tr2 (dashed line) are, on average, equal.

The results of the px scan experiments are summa-
rized in Fig. 2, which shows the time averaged tem-
perature profile, temperature gradient, local effective
conductivity and temperature fluctuations, obtained
at progressively smaller px (1/50, 1/100 and 1,/200),
and proportionally reducing the input power Fj,
from 3 x 1072 to 7.5 x 1073, Figure 2 shows that
by reducing px one needs proportionally less power
to sustain the same gradient, and thus the conduc-
tivity is proportional to px, when expressed in Bohm
units (gyro-Bohm scaling).
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Figure 2. Similarity runs for px: solid curves, px = 1/50; dashed curves, px = 1/100; dotted

curves, px = 1/200.
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Convergence to a scaling law of the form x; /x5 ~
Px as px tends to zero is especially evident when com-
paring the profiles obtained at px = 1/100 and px =
1/200. The px = 1/200 run required ~10'° floating
point operations and was allowed by the greater com-
puter resources (previously [3] only px = 1/100 was
feasible).

The gyro-Bohm nature of the observed turbulence
is also apparent from direct inspection of the con-
tour plots of the fluctuating fields [3]. More quanti-
tative information is provided by the radial and time
autocorrelation functions of the fluctuating poten-
tial, as shown in Figs 3(a) and (b). Here the abscis-
sas are normalized to px. One can see that the
halfwidths of the correlation functions, which are
estimates of the radial correlation length and of the
correlation time, are essentially proportional to px.
As a complement, the poloidal spectra are shown in
Fig. 3(c). The abscissa is kgps. One finds that the
spectra are self-similar, with a peak at kgps =~ 0.3
for our choice of the parameters. Finally, the gyro-
Bohm nature of the ITG turbulence has been found
to hold over the whole range of input powers we
have considered. In our studies the normalized input
power Fj,/px was varied by a factor of 100, from a
minimum of Fj,/px = 5 x 1072 (which leaves the
gradient very close to the ITG threshold) up to
F;,/px = 5. By increasing the input power at con-
stant px one increases the temperature gradient, and
therefore the conductivity, which is also a function of
the temperature gradient. This function has not yet
been determined at this stage.

4. Current scaling

As a second application, the question of the
plasma current scaling has been addressed. Accord-
ing to the empirical scaling laws, the energy confine-
ment time is roughly proportional to the plasma cur-
rent, 7y ~ I,,. This dependence can be reproduced if
one assumes that the effective conductivity depends
on the local safety factor to a sufficiently high power.
This fact has been exploited in the phenomenological
expressions of the conductivity. For example, assum-
ing x ~ ¢ would give 75 ~ I, for a Bohm model
[4] and 75 ~ IJ-® for a gyro-Bohm model [5], with
no dependence of 7 on the toroidal magnetic field
in the latter case. However, unlike the case of the
dependence of the conductivity on px, which is a
consequence of the scale separation between micro-
turbulence and large scale plasma dynamics, there
is no a priori reason why the g dependence should
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Figure 3. (a) Radial correlation functions, (b) temporal
correlation functions and (c) poloidal spectra for: solid
curves, px = 1/50; dashed curves, px = 1/100; chain
curves, px = 1/200.

be monomial. Indeed, the global confinement depen-
dence on the current can come from the co-operative
effect of various parameters, such as the local g,
the magnetic shear (which both change at the same
time in experimental current scans) and the edge
conditions.
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A numerical assessment of whether the effective
conductivity scales with ¢ has been carried out for
the ITG model using the similarity experiment tech-
nique, with ¢ profiles of the form ¢ = g,r®, by chang-
ing g, and keeping the magnetic shear s constant
and uniform in space (here § = 1). The main finding
is that the ¢ dependence cannot be cast in simple
monomial form, as explained below.

A first similarity test was carried out at moderate
input power. It consisted in running a simulation at
¢o = 4 and Fj,/px = 1.5, which we call here the
reference case (run 1), and two simulations, both at
qo = 2, with Fy,,/px = 0.75 (run 2, to test whether
xi ~ q) and Fj,/px = 0.375 (run 3, to test, as an
alternative, y; ~ ¢?). We recall that a dependence of
at least y; ~ ¢2 is needed to reproduce the observed
scaling, while the weaker y; ~ ¢ dependence is essen-
tially what results from flux tube ITG turbulence
simulations [6].

The results are shown in Fig. 4, where the conduc-
tivity ratios of the reference run to both test runs are
given. It is apparent that no similarity experiment
gives fully satisfactory results, with x; ~ ¢ being a
too weak scaling and ; ~ ¢> probably a too strong
scaling. Thus, if one were to cast the g dependence
as a pure monomial scaling of the form y; ~ ¢, this
would require 1 < § < 2.

To verify this trend, a second study was performed
at a higher normalized input power, with a new ref-
erence run with ¢, = 4 and F,/px = 5 (run 1).
Now the test case q, = 2, Fyn/px = 2.5 (run 2)
shows that y; ~ ¢ is already too strong, and thus
one would have to take § < 1 at higher input power
(Fig. 5). The conclusion is that no simple monomial
dependence of the effective conductivity on g can be
used to represent all the data.

On the other hand, we note that, qualitatively,
the numerical findings are consistent with the local
expression

X ~ psa®(R/ L) funes[(R/ L) — Cun/¢” ] (4)

where fiprs[] i a monotonic threshold function.
Note the double dependence on ¢ characterized by
two positive exponents 3 and 3. In general, a reduc-
tion of ¢ (larger current) translates into a reduction
of y in two ways, via the factor ¢ and through
the increased threshold (factor Cyy,/¢®"). At smaller
input power, when one works closer to threshold, the
latter is more effective and gives a stronger apparent
scaling than when working further from threshold.
The fact that the threshold function depends on
q is confirmed by running the code in linear mode,
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using a family of profiles with increasing tempera-
ture gradient and looking for the onset of the insta-
bility. The threshold was found to decrease when ¢
is increased. Moreover, it is interesting to note that
a similar behaviour is found experimentally in Tore
Supra [7], where the measured electron conductivity
is consistent with 3 = 1, i.e. an effective threshold
depending inversely on q.

Finally, as a complement to the current scal-
ing study, we have investigated the dependence on
the magnetic shear at constant current. We again
chose uniform shear ¢ profiles of the form ¢ = g,r®
with fixed g, = 4. Figure 6 shows the results of
three runs carried out with ‘normal’ shear values
s = 0.25 (dotted curve), s = 0.5 (dashed curve)
and § =1 (solid curve), and the same value of the
normalized input power Fj,/psx = 1.5. Transport is
only slightly reduced by varying the shear in this
range. Interestingly, the fluctuation level is almost
unaffected.

In experiments an increased current is usually
accompanied by a broader current profile, with lower
average magnetic shear. Thus the dependence on
the shear and on the local ¢ combine to determine
the effective current dependence of the confinement
time. A third effect, not analysed here, is the possible
dependence of the edge conditions on the local q.

5. Discussion and summary

We have employed the global turbulence code
ETAI3D to study the dependence of the effective con-
ductivity on two important parameters that control
ITG turbulent transport.

The px similarity studies confirm and strengthen
earlier results, obtained at lower resolution, that
transport has gyro-Bohm scaling in the conductiv-
ity, in the characteristic spatial and time scales and
in the fluctuation level, as px — 0. This behaviour is
seen in all regimes of input power, which was varied
by a factor of 100.

Given the importance of ITG turbulence as a
transport mechanism in the ion channel and the fact
that the gyro-Bohm scaling is now firmly established,
we suggest that this px dependence should be explic-
itly incorporated in the empirical scaling laws to
reduce the uncertainty in the determination of the
dependence of the conductivity on the other param-
eters.

The dependence on plasma current was found to
be more complicated. An effective scaling of the form
X ~ ¢? almost works for moderate input power, while
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a weaker scaling holds at stronger input power. This
behaviour could be traced to (at least) a double
dependence of x on the local ¢, one multiplicative
(in the coefficient) and one indirect through the ITG
threshold. At low input power, the gradient is essen-
tially determined by the threshold and its parametric
dependence.
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This is valid, at least within our fluid model.
One could object that, in reality, the actual thresh-
old is determined by kinetic effects. This notion is
implemented in some transport models [6], where the
kinetic threshold depends weakly on q. However, one
should consider the possibility that, for sufficiently
high input power such that a fluid model can be

Nuclear Fusion, Vol. 41, No. 5 (2001)
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Figure 6. Shear scans at constant input power and current: solid curves, b = 1; dashed curves,

b= 0.5; dotted curves, b= 0.25.

employed, the offset in the conductivity formula is
determined by the fluid threshold, which is higher
than the kinetic one. We also remark that a strong
q dependence of the empirical threshold is observed
in the electron channel.
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